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Let X, Y be two separable Banach spaces and let V< X and W< Y be finite
dimensional subspaces. Suppose that VeSc X, WceZc Y and let Me Z(S, V),
Ne X (Z, W). We will prove that if « is a reasonable, uniform crossnorm on X® Y
then

;“M®N(V®u W, X®, Y)=Ip(V. X) An(W. Y).
Here for any Banach space X, VeScX and Me Z(S, V)
2V, X)=inf{ | P|: Pe L(X, V), P|ls=M]}.

Also some applications of the above mentioned result will be presented. © 1999

Academic Press

Let X be a Banach space and let V< X be a linear subspace. An operator
Pe Z(X, V) is called a projection if P|,=id,. The set of all projections
from X onto V" will be denoted by (X, V).

A projection P, e (X, V) is called minimal if

[P, =4V, X)=inf{|P|: Pe2(X, V)}. (1.1)

The problem of finding formulas for minimal projections is related to the
Hahn-Banach Theorem, as well as to the problem of producing a “good”
linear replacement of an x € X by a certain element from V, because of the
inequality

|l — Px| < [[Id — P|| dist(x, V) < (1 4 [[P]) dist(x, V),

where Pe 2(X, V). For more information about minimal projections the
reader is referred to references included in this paper.
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An analogous problem can be posed in the case of a fixed action
Me Z(S, V) where V< S < X. In this case we want to find an extension of
M onto X having the smallest norm, which is clearly the operator version
of the Hahn—-Banach Theorem. As in the case of projections we denote

P X, V)={Pe L (X, V): Pls=M} (1.2)
and
IV, X)=Inf{||P||: Pe Z(X, V)}. (1.3)

An extension Pe Z,(X, V) is called a minimal extension if
[P = 2p(V, X). (1.4)

If S=V and M e Z(V) then by the absolute extension constant we denote
a number

I V) =sup{dp(V, X): V= X}. (1.5)

If M=idy, 4iq,(V, X) is called the relative projection constant and 24, (V)
the absolute projection constant. In the sequel we will write for brevity
AV, X) instead of i, (V, X) and A(V) instead of Ay, (V).

The aim of this paper is to investigate to the following.

Problem 1.1. Let X, Y be a pair of Banach spaces and let V' (W resp.)
be a finite-dimensional subspace of X (Y resp.). Suppose that Ve Sc X
and WcZcY Let Me #(S, V) and Ne ¥X(Z, W) be given. What is the
relationship between the constants £y o n(V®, W, X®, Y), AV, X), and
An(W, Y) where a is a reasonable crossnorm on X ® Y?

We give an answer to this problem in Theorem 2.5. Moreover, in
Theorem 2.6 we show that if « is a reasonable, uniform crossnorm then the
tensor product of two minimal actions forms a minimal action for M ® N.

In Section 3 we present some applications of Theorems 2.5 and 2.6,
mainly to the case of projections and X=Y=C[0,1] or X=Y=
L,[ —1,1]. We also reprove Theorem 3 from [24] in a simple manner.

Now we introduce some notation and some basic facts which will be of
use later.

DermNiTION 1.2, Let X, Y be two Banach spaces and let x4, ..., x,, € X,

V15w Ym €Y. Then L=3"  x,® y, can be interpreted as an operator
from X* to Y defined by

Lf = 3 f(x) yi (1.6)
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So X® Y= Z(X*, Y) (we put into one equivalence class all expressions of
type 27, x; ® y; if they define the same operator).

DerFNITION 1.3, Let a be a norm on X® Y. Then X®, Y means the
completion of X ® Y with respect to a.

DEFINITION 1.4. Let a be a norm on X® Y. « is a crossnorm iff

Ux® y)= x|l - [yl (1.7)

for xe X, ye Y.
o 1S reasonable if

2(fDg) :=sup{§ f(x) g(yi):a(f x,@y,-):l}
— 171 gl (18)

for any fe X* and ge Y*.
o is uniform if for any 4 € #(X), Be Z(Y),

I4® Bl < A4l - B, (1.9)

where (A ® B)(x® y)=Ax® By for xe X, ye Y, and
4@ Bl =swp {x((4©B) (3 x @) x( X xow )1},
i=1 i=1

By X®, Y we denote the injective tensor product of X and Y, ie., the
completion of X ® Y with respect to the norm A defined by

(3 won)-sn]

i=1

3 )y, festIfI=1] (110

Analogously, by X®, Y we denote the projective tensor product of X and
Y. Here the norm y is given by

V(Z):inf{z x: - y;ll: x;€X, y;eY, z= Z xi®yi}' (L.11)
i=1 i=1

Observe that both A and y are uniform, reasonable crossnorms (see, e.g.,
[13, Lemma 1.6, 1.8, and 1.12]). We also need the following
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TuaeoreMm 1.5 [13, Corollary 1.14]. Let S, T be compact, Hausdorff
spaces. Then

C(S)®, C(T)=C(Sx T). (1.12)

Here for any compact, Hausdorff set 7, C(T) denotes the space of all
real (or complex) valued functions defined on 7 equipped with the
supremum norm.

TueorReM 1.6 [13, Corollary 1.16]. If S and T are o-finite measure
spaces, then

Ly(S)®, L(T)=Ly(SxT). (1.13)

For a Banach space X, by S, we denote its unit sphere and by ext(Sy)
the set of extreme points of Sy. We also need

DErFINITION 1.7 (see [7]). (x** x*)€ Sy«s XSy« will be called an
extremal pair for Q € £(X) if

(Q**x**)(x*) = [ Qll, (1.14)

where Q**: X** —» X** is the second adjoint extension of Q to X**. The
set of all extremal pairs for Q will be denoted by &(Q).

The main tool in our investigations will be the following

THeOREM 1.8 (see [7, Theorems 1, 2 and Ex. B]). Let V be a finite-
dimensional subspace of a Banach space X (we consider real and complex
cases). Let S be a linear subspace of X with V< S< X. Then Pe Z/( X, V)
is a minimal extension if and only if there exists a positive, total mass one,
Boreal measure u supported on &(P) such that the operator Ep: X — X**
defined by

Ep(z):j X*(z) x** du(x**, x*) (1.15)

E(P)

takes V into S. Here M e L(S, V) is a fixed action and the set &(P) is
equipped with the Cartesian product topology induced by the weak*
topologies on X** and X*.
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2
We start from a well known
Lemma 2.1. Let X, Y be finite-dimensional Banach spaces. Then
(X®V)*=X*® Y*

Proof. Note that any element >.7* | f; ® g; defines a linear function on
X® Y by

(3 5i0e )@ =3 fix) gl

i=1 i=1

Since dim(X ® Y) =dim(X) dim(Y)=dim(X* ® Y*), the proof is complete.
Lemma 2.2. If X, is a dense subspace in a Banach space X and Y, is a

dense subspace in a Banach space Y, then X, ® Y, is dense in X®, Y for
any crossnorm « on X Y.

Proof. Take any xe X, ye Y. Let x,,€ X;, y, €Y, be so chosen that
[x,—x|—0and | y,— y|— 0. Then

UXx® Y —x, ® p,) SAUX® (¥ —y,)) +al(x—x,) ® y,)
=lxl -1y =yall +1yall - lIx—x,1l.
Since (y,) is a bounded sequence, a(x, ® y,—x&® y)— 0. The proof is

complete.

LeEMMA 2.3. Let o be a reasonable crossnorm on X® Y. If V is a linear
subspace of X and W is a linear subspace of Y then a is a reasonable
crossnorm on V@ W.

Proof. 1Tt is clear that a is a crossnorm on V'® W. Now suppose that
there exist fe V* and ge W* such that

¥ (f®g)=sup {(f®g)z:ze VR W, a(z)=1}>|fIl-|gl.

Let F (G resp.) be the Hahn—Banach extension of f to X (g to Y resp.).
Note that

a*(FRG)=sup{(FRG)z:ze X® Y, a(z) =1}
>sup{(F®G)z:ze VR W, a(z)=1}
>/ llglh=IFI-1Gl,

a contradiction.



MINIMAL EXTENSIONS 371

LeEMMA 2.4. Let X, Y be finite-dimensional Banach spaces. Let A be a
closed subset of Sy X Sy« and let B be a closed subset of Sy x Sy«. Let 14
(up resp.) denote a finite Borel measure on A (on B resp.). Let E, 5 be an
operator from X® Y into itself defined by

E4 pla®b) =j (x* @ y*)a®@b)(x® y) d(p4(x, x*) @ ptg(y, y*))-

AxB
Then
EA,B:EA ®EBa

where E 4(a) =, x*(a) x du4(x, x*) and E(b)={p y*(b) y dus(y, y*).

Proof. Take aeX and beY To prove that E, z(a®b)=
E (a)® Eg(bh), it is necessary to show that for any Fe (X® Y)*

F(EA,B(a®b))=F(EA(a)®EB(b))- (2-1)

Since X and Y are finite dimensional, by Lemma 2.1, it is necessary to
prove (2.1) for F= f® g, where fe€ X* and ge Y*. Note that

(f ®GIE, pa®D))

@) (], @ )@ ) din Ous)
=[ @) ) 10 8 dls @10

— (by Fubini’s Theorem) <j x*(a)f(x)dﬂA><J y*(b) g(y)d,u3>

= f(E4(a)) g(Eg(b)) = (f ® g)(E 4(a)® Eg(b)),

as required. The proof is complete.

THEOREM 2.5. Let X, Y be separable Banach spaces (complex or real).
Suppose V< X and W < Y are finite dimensional linear subspaces. Let V < S
and W< Z, where S is a subspace of X and Z is a subspace of Y, and let
MeZ(S, V), Ne L(Z,V) be given. If a is a reasonable crossnorm on
X®Y then

AoV @, W, X®, Y)ZAy(V, X) In(W, Y). (2.2)
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Proof. First suppose that X, Y are finite dimensional. Let P, e
P, X, V) and P, e (Y, W) be minimal extensions. Put

A=6E(P)) and B=¢6(P,) (2.3)

(see Definition 1.7). By Theorem 1.8, there exists a Borel measure u, (up
resp.) supported on A (B resp.) of total mass one, such that

E, V)cS and  EzW)cZ, (2.4)

where £, and E, are the same as in Lemma 2.4. Let us define a linear
functional 7 on Z(X® Y) by

TL)=| (@ y*)L(x® ) ity ®pip) (25)

AxB

First we show that || 7] < 1. To do this, take any L e Z(X® Y). Note that

ITLI<]  I(x* @ p*)Lx® )| dipts ® is)

AxB
<| oM@y ILI X @ y) dlpes O pg) <IILIL

since a is a reasonable crossnorm and (u, ® ug)(A x B)=1.
Now, let

g =cl(span{f(-)(z):ze VW, fe (X® Y)*, flsez=0}). (2.6)

We show that 7|, =0. To do this, take Le 9, L= f(-)(v® w). Then

TL)=[  (*@y*LX®Y)) diiy D)

AxB

=] @@ @) di, @)

= 0@ ) i @ a)

= f(E, s(v®w))
= (by Lemma 2.4) f(E 4(0) ® E5(w))
=0  (by(24)).
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Consequently,

AM@N(V@WX@ Y)=dist(P, ® P, )= T(P, ® P,)
=(by (2.3)) [I1Py | - [|1P>

as required.

Now suppose that X, Y are separable Banach spaces of infinite dimen-
sion. Let V< X, W< Y be finite-dimensional subspaces. Suppose that S is
a subspace of X and Z is a subspace of Y such that VeSc X, WcZcY.
Since X and Y are separable, X=cl({J>_, X,,) and Y =cl( Y,), where

o0
n=1 n=1"n

X,, Y, are finite-dimensional subspaces. Taking X,+ V' instead of X,
and Y,+ W instead of Y, we can assume that Vc X, and WcY,
for n=1,2,... Now let Me Z(S, V) and Ne X(Z, W) be fixed. Put for
n=12., M,=M|x, N,=Nl|y, S,=SnX,, and Z,=ZnY,. By
Lemma 2.3, a is a reasonable crossnorm on X, ® Y, for n=1, 2, .... Hence,
by the first part of the proof applied to, M,, N,, S,, and Z,,,

Fanyen V@ Wo X, @, V) 2 2ag(V, X,) (W, Y,) (27

forn=1,2,.. By Lemma 2.2, X®, Y=cl(U_, (X, ®, Y,)). By the sepa-
rability of X and Y, reasoning as in [ 19, Theorem 3.1.6, p. 857, we have

/1M( V> X):hm )“M”( V7 Xn)a iN( W7 Y) =lim /an( Wa Yn)

and

Iron(V®y W, X®, Y)=lim 2y, o5 (V®, W, X, ®, Y,).

Hence, taking the limit over n on the both sides of (2.7) we get
;“M®N( V®oc W9 X®oc Y) 2}'M( Va X) AN( Wa Y)a

which completes the proof.

THEOREM 2.6. Let X, Y, S, Z, V, W, M, and N be as in Theorem 2.5.
Assume that o is a reasonable, uniform crossnorm. Then

/1M®N( V®ac W, X®oc Y) = )vM( v, X) AN( W, Y)-
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Proof. Let P, eZ,X,V)and P, e %, Y, W) be minimal extensions of
M and N resp. Then P, ® P, € Zyyeon(V®, W, X®, Y). Since « is uniform

1Py @ Py |l <Py P2l =2Ap(V, X) An(W, ).
The proof is complete.

By the induction argument one can easily deduce from Theorems 2.5 and
2.6 the following

THEOREM 2.7. Let for i=1,..,n, X; be a Banach space and let V; be a
finite  dimensional  subspace. Suppose that V,cS,cX; and let
M; e L(S;, V;) be given. If o is a reasonable crossnorm on Q7_, X; then

/1®§’:1Ml. <® Vi, ® Xi>> n /lMi(Via X). (2.8)

i=1 i=1 i=1

If o is a reasonable, uniform crossnorm then

/1®§’:1Mi <é Vi, é Xi>: ﬁ /lMi(Via X). (2.9)

i=1 i=1 i=1

Remark 2.8. By [12, Theorem 3, p. 371] it is impossible to generalize
Theorem 2.5 to the case of V being an arbitrary subspace of X and W being
an arbitrary subspace of Y.

Remark 2.9. The constant 4,,gn(V®, W, X®, Y) does not depend on
o for M, N, V, W, X and Y being fixed. Here o is a uniform reasonable
Crossnorm.

Remark 2.10. In [22, Corollary 14.1, p. 135] has been shown that for
any pair of finite-dimensional Banach spaces V' and W

MV, W)=MV)MW).

3

In this section we present some applications of Theorems 2.5-2.7. First
we restrict ourselves to the case of minimal projections. By Theorems 1.5,
1.6, and 2.6 it is easy to prove

THEOREM 3.1. Let S, T be compact, metrizable Hausdorff spaces. If V is
a finite-dimensional subspace of C(S) and W is a finite-dimensional subspace
of C(T) then

MV @, W, C(S)®, C(T)) = AV, C(S)) AW, C(T)). (3.1)
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If S, T are o-finite, separable measure spaces and V (W resp.) is a finite-
dimensional subspace of L,(S), (L,(T) resp.) then

AV ®, W, Li(S)®, L\(T)) = AV, Li(S)) AW, Li(T)). (3:2)

Now, let P, denote the space of all polynomials of one real variable of
degree <n and P, ,, the space of all polynomials of two variables of degree
<n with respect to the first variable and degree <m with respect to the
second variable. By the proof of Theorems 1.5 and 1.6 (see [ 13, pp. 9-11])
we have

Pn®}.Pm=Pn,m (33)
and
P,®,P,=P,,,. (3.4)

Here in (3.3) we consider P, and P,, as subspaces of C[ —1,1] and P, ,,
as a subspace of C[—1,1]% In (34), P, and P, are subspaces of
L,[—1,1] and P, ,, is a subspace of L,[ —1, 1] Hence, by Theorem 3.1,
if we know the projection constants A(P,, C[ —1,1]) or A(P,, L,[ —1,1])
for the case of one variable, we know the relative projection constant of
P, ,, with respect to the supremum norm or to the L;-norm. Also, by
Theorem 2.6, if Q,, @, are minimal projections in the case of one variable,
the tensor product of them is a minimal projection. Now, we present some
examples when relative projection constants as well as formulas for mini-
mal projections are known in the case of one variable in the L, or the
supremum norms.

ExampLE 3.2. It is well known that
MP,,C[—1,1])=1.

Moreover, the interpolating projection with nodes in —1 and 1 is a
minimal projection.

ExamMpLE 3.3. In [4] the minimal projection from C[ —1,1] onto
quadratics has been determined. In this case

AMP,, C[—1,1])=1.2201730--.
ExamMpLE 3.4. In [11] the minimal projection from L[ —1,1] onto
the lines P; has been found. In this case

APy, L[ —1,1])=1.22040---
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ExampPLE 3.5. In [9] the minimal projections from L,[ —1, 1] onto P,
for n=2, 3, 4, 5 have been determined. The corresponding values of the
relative projections constants are

APy L[ —1,1])=136149...

(

MPsy, L[ —1,17)=146184...

MPy L[ —1,17)=1.54874....
(

MPs, L[ —1,1])= 161031

ExaMPLE 3.6 [25]. Let n be an odd number. In this paper a minimal
projection from X,, = Span[¢", >, ¢, 1] onto P, has been found in the case
of the supremum norm on the interval [ —1, 1]. By Theorem 3.1 and the
previous considerations

}'(PZ,Z’ Xn ®l Xm) :A(PZ’ Xn) /I(PZ’ Xm)s

where in the space X,®; X,, we consider the supremum norm on

[—1,1]

ExampLE 3.7. In [24, Theorem 3] the following result has been shown,

<4(lnn—2ln In n)+ 1/3><4(1nm—21n In m)+ 1/3>
74 T
<;{(Pn,m’ C[ _15 1]2)
<7, ®, T,
<<4ln(2n+l)+1><4ln(2m+1)+1>

72 7?

and

(At (i)

< AP Li[—-1,17%

n,mos

<|T;®, Tl
<<4ln(2n+3)+1><4ln(2m~|—3)+ 1>’

n? n?
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where T¢, denotes the nth partial sum operator of the Chebyshev expansion
of the ith kind, i=1, 2. Theorem 3.1 permits us to reprove this result in a
very simple manner. It is necessary to apply Theorems 1 and 2 from [24],
where the necessary estimates for the case of one variable have been
proved. Also, since

. In2n+ 1)+ n%/4 : In(2n 4+ 3) +n%/4
lim 5= =lim =
n Inn—Inlnn+7%/12 » Inn—Inlnn+ /16

by [24, Theorem 3], Theorem 4 from [24] is proved without applying
[24, Lemmas 1 and 2].
Now we discuss the case X=/{" and Y=1{". Since by Theorem 1.6,

1 ®, 17 = 1™,

if we know the formulas for minimal projections for some class of sub-
spaces of /{, then we know the formulas for minimal projections for tensor
products of the spaces from this class with respect to the y norm. The same
remark applies to the case of subspaces of /% (here the /. norm should be
used). Note that the formulas for minimal projections onto hyperplanes of
I{ have been found in [1]. See also [2, 3] for some formulas in the case
of symmetric subspaces of /(. In [1] the formulas for minimal projections
onto hyperplanes of /%) have been established. See also [ 18-20] where the
case of subspaces of codimension two has been discussed. Also in [ 8] for-
mulas for minimal projections onto some two-dimensional symmetric sub-
spaces of /9 have been presented.

ExampLE 3.8. Let Q; be a minimal projection from P, onto P, found
in [25] (see Example 3.6). Put V'=P,, S=P;, and M= Q5. In [15] the
constant 1,,(V, P,) has been calculated. Hence by Theorem 2.6 we have the
formula for Ay, g3 Ps, 2, Py 4)-

ExamMpLE 3.9. In [10], it has been shown that if V' is a two-dimen-
sional, real normed space having unconditional basis v, v, and M e L (V)
is such that Mv,=d,v; then

(V)< (di| +1do | +/di —|dyda | +d3)/3. (35)

Note that by [6],

Au(V) =2p(V, Li[ =1, 17]).
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Also in [ 10, p. 174] the space V,, for which we have the equality in (3.5)
has been described. Hence, by Theorem 2.6 for any M, N as above

AM@N(VM® VNaLl[_lal]z)
= Var, LiL =1, 11) An(Vy, Li[ =1, 1]).

Now we restrict ourselves to the case of L,-spaces. We start with

DerFINITION 3.10 (see, e.g., [ 13, Definition 1.45, p. 27]). Let X, Y be
Banach spaces. For 1 <p < oo the p-nuclear norm of ze X ® Y is defined by

1/p n
0(' _lnf{<z HX |p> aq(yla"'a yn):Z: Z xi®yi}' (36)
i=1

i=1

Here ¢ is so chosen that 1/p+1/¢g=1 and

afice v =sup{( £ 110 >l/q:f€SX*}-

i=1
If ¢ = o0, then
aq(yl""’ yn)zsup{max |f( )l:feSX*}'

1<i<n

By [13, Lemma 1.46, p. 27] the p-nuclear norm is a reasonable crossnorm.
Observe that by [ 13, Lemma 1.44, p. 27] for any Be £(Y)

aq(Byla () Byn) < HBH aq(yh [ yn)

Hence «, is a uniform, reasonable crossnorm. By a result of [ 23] we have
L,(8)®, L(T)=L,(SxT). (3.7)

where S and 7 are finite measure spaces. This enables us to apply
Theorem 2.6 in the case of L,-spaces. Until the end of this section S will
stand for a finite separable measure space and let for every ne N, (S)” be
a partition of S. Without loss, we can assume that each Z e (S)” is a finite
sum of elements from (S)"*!. Let X, be the space spanned by characteristic
functions of the sets from (S) Hence X, < X, ;. We can choose (S)” in
such a way that L,(S)=cl(,~, X,) for 1 <p<oco. Note that, by Jensen’s
inequality for every ne N, a projection P, € Z(L,(S), X,) defined by

Pa= 3 (] xto) duo)u2) ) 2 (38)

Ze(S)y

has norm one.
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Lemma 3.11. If feX, and ge L,(S) then

J 1) &(0) dutty = [ 1()(Prg)() dut)
for any k>=n.
Proof. Note that for k>=n

[ sopeg)) duto)

S

=J{ ) { | g(s)du(s)/u(Zﬂ(xz)(z)}f(r) du(1)
S z

Ze (S

= 2 (][ 799 2051 sy | oo aut

Ze(S)k

= X | s /5 duts) =] f0) g0 duti).

Ze(SkZ

as required.

LemMma 3.12. Let f1, ..., fx be linearly independent, simple, measurable
Sunctions on S. Fix 1 <p<oo. Let V=\*_, ker(f;), where ker f; denotes
the kernel of f;. Put

V,=VnX,. (3.9)
Then

AV, L(S)) =lim AV, L,(S)).

Proof. Let PeZ(L,(S), V). Take Q,= P, > P. Since f; are simple func-
tions, modifying X, if necessary, we can assume that f;eX, for
i=1,2,..,k By Lemma 3.11, for any xe L,(S), (P,°P)xeV, forn=n,.
Since for any xe V,, Q,x=x, 0, € Z(L,(S), V,). Hence, since ||P,| =1,

lim sup A(V,,, L,(S)) <AV, L,(S)).

n

To prove the converse let L, € Z(L,(S), V,,) be a minimal projection and
let (x;) be a basis of X=(J° , X,. Since 1< p< oo, by the diagonal
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argument and the Smulian Theorem, we can assume that for fixed k, L,x,
converges weakly to the element which we denote by Px,. Hence for any
xeX

1
[Px[l = | P < ) a,-xi> = [llim L, x]|

i=1

<liminf L, x| <liminf A(V,, L,(S)) [Ix].

Consequently, by the density of X in L,(S), we can extend P onto all of
L,(S). By the Mazur theorem, PxeV for any xe X, and Pv=v for any
ve U, V, By Lemma 3.11, cl(U,_, V,) = V. Hence Pe Z(L,(S), V) and
consequently,

MV, L(S)) <liminf A(V,,, L,(S)),

which completes the proof.

TueoreMm 3.13. Let f1, ..., fx (g1, ..., &5 resp.) be a collection of linearly
independent, simple measurable functions on S (T resp.). Fix 1 < p < oo. Put
V=N%_, ker(f;) and W= \'_, ker(g;). Then

MV W), L,(S)®, L,(T)) =MV, L,S)) AW, L,T)).

Proof. For simplicity, let U=L,(S)®, L,(T) and Z=cl(V® W),
where the closure is taken with respect to the a,-norm. Without loss, we
also can assume that S=T7. Let Q; e Z(L,(S), V) and Q, e Z(L,(S), W)
be minimal projections. (By [14], minimal projections exist in our case.)
Since Q, @ap 0,€2?(U, Z) and a, is a uniform crossnorm,

MZ, UY <MV, L,(S)) AW, L,(S)).
To prove the converse, suppose that

MZ, U)< MV, L,(S)) MW, L,S)). (3.10)
Let Qe 2(U, Z) be a minimal projection. Without loss, we can assume that

the spaces X, are so chosen that f; and g; € X, forj=1,..,kandi=1, ../
Put for ne N

=(P, ®, P,) 0. (3.11)
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Note that, by Lemma 3.11, for any xe U and n>n,L,xe W, (see (3.9)).
Also for any ze V, ® W,,, L,z=_z This shows that L,e2(U, V, ® W,).
By (3.10), since [|P, ®,, P, |l <[P,|*=1,

AV, @W,, UYSUZ, U) <AV, L(S)) AW, L,(S)). (3.12)
By Theorem 2.6 applied to the «,-norm and Lemma 3.12,

lm A(V,, ® W,, U)=Lm(A(V,, L,(S)) A W,, L,(S)))

=V, L(S)) MW, L,(S)),

a contradiction with (3.12). The proof is complete.

Since the space L,(S) ®ap L,(T) is linearly isometric to L,(SxT),
Theorem 3.13 permits us to calculate or estimate the relative projection
constant for a class of subspaces of L,(Sx T) of infinite dimension and
codimension provided we know the value or estimate for A(V, L,(S)) and
MW, L,(T)). Note that in [16] the relative projection constant onto any
hyperplane of L,[0, 1] has been calculated. In fact, by a result of Rolewicz
(see [21, Theorem IL7.5, p. 83; 26]), since L,[0, 1] is an almost isotropic
space, the relative projection constant onto any hyperplane is the same and
it is equal to

max (12~ + (1 — )P~ H)Vp (p2=1 4 (1 —¢)2—1)Va, (3.13)
te[0,1]

where ¢ is so chosen that 1/p+1/g=1. Also in [17] it has been shown
that the number from (3.13) is a lower bound of the relative projection
constant of any rich subspace of L,[0, 1]. Note that by [17, Theorem 2],
any subspace of finite codimension in L,[0, 1] is rich.

At the end of this paper we present a method of constructing various
uniform crossnorms on X ® Y.

ProrosiTiON 3.14.  Let neN and let |||, be a norm on R” satisfying the
order preserving condition, i.e., |[(X1, . X)), <Y1 V)l provided
|x;| < |y;| fori=1, ., n If ay, ..., o, are uniform crossnorms on X @ Y then
a function

a(z) = [(ay(2), oy u(2)) /1L, 1, s D,
is a uniform crossnorm on X® Y.

The proof of Proposition 3.14 is straightforward, so we omit it.
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Remark 3.15. By Theorem 2.7, all the results from Section 3 concerning

the tensor product of two Banach spaces hold true for the case of the

te

co

10.

11.

12.

13.

14.

15.

16.

17.

nsor product of n Banach spaces X, ..., X,

ne
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